The analytically exact solutions to the two-photon Rabi-Stark model are given by using the Bogoliubov operators approach. Transcendental functions responsible for the exact solutions are derived. This so-called G-function with pole structure can be reduced to the previous one in the two-photon Rabi model. The zeros of G-functions reproduce completely the regular spectra.
I.
INTRODUCTION
The basic interaction between a two-level atom and a classical light field was described by the Rabi model many years before [1] . Its fully quantized version but with rotating wave approximation, Jaynes-Cummings model [2] , can be easily solved due to the conserved excitations of the atom and the photonic number. It has been widely used in the quantum optics [3] , because the basic physics realized and observed in the earlier experiments at extremely weak coupling can be explored. Recently, the situation has changed in the past decade.
In many advanced solid devices, such as circuit quantum electrodynamics (QED) system, two-dimensional electron gases, and trapped ions, the ultrastrong coupling [4, 5] , even deep strong coupling [6, 7] between the artificial atom and resonators have been accessed, and the RWA is demonstrated invalid [4] . On the other hand, the two-level system appearing in the quantum Rabi model (QRM) and its variants is a qubit, which is the building block of quantum information technologies with the ultimate goal to realize quantum algorithms and quantum computations. Just motivated by the experimental advances and potential applications in quantum information technologies, the QRM where the RWA is not made have attracted extensive attentions theoretically [8] [9] [10] [11] [12] [13] [14] [15] [16] . For more complete review, please refer to Refs. [17] [18] [19] [20] .
The QRM continues to inspire exciting developments in both experiments and theories recently. Based on resonant Raman transitions in an atom interacting with a high finesse optical cavity mode, a novel scheme by adding a nonlinear coupling term to the QRM Hamiltonian has been proposed [21, 22] . This nonlinear coupling term has been discussed in the quantum optics literature under the name of dynamical Stark shift, a quantum version of the Bloch-Siegert shift, so it was later named the quantum Rabi-Stark model (RSM) [23] . This model also attracts many attentions in recent years [23] [24] [25] [26] [27] . The nonlinear Stark coupling in the RSM can induce the spectra collapse at some critical Stark terms as well as the first-order phase transitions.
On the other hand, the other nonlinear coupling in the form of the cavity field and twophoton are also a subject if interest for a long time [10, [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . The so called two-photon QRM (tpQRM) becomes a hot topic recently [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . The more recent extensions includes the two-photon Dicke model [51] [52] [53] [54] [55] and multiphoton and nonlinear dissipative spin-boson models [56] . Then what is the cooperated effect from the two kinds of nonlinear coupling?
In this work, we will add the Stark coupling terms to the two-photon Rabi model, which is so called two-photon RSM (tpRSM). The analytical solutions to tpRSM should be highly called for at the present stage.
The paper is structured as follows: In section 2, we extend the previous Bogoliubov operator approach to the tpRSM. The G-function will be derived in a compact way. The pole structure of the derived transcendant function is analyzed in Sec. II. In sec. III, we will discuss the spectra collapse, and comparisons with the previous simper model are also given. The last section contains some concluding remarks.
II. SOLUTIONS TO THE TWO-PHOTON RABI-STARK MODEL
The Hamiltonian of tpRSM is given by
where ∆ is qubit energy difference, a † (a) is the photonic creation (annihilation) operator of the single-mode cavity with frequency ω, g are the two-photon coupling constants, U is the nonlinear Stark coupling strength, and σ k (k = x, y, z) are the Pauli matrices.
The Hamiltonian (1) is invariant under a discrete symmetry:P 1 HP † 1 = H wherê P 1 = exp(− iπ 2 a † a)σ x . The operatorP 1 generates the group Z 4 , therefore the Hilbert space separates into four invariant subspaces. BecauseP 2 1 = exp(iπa † a) =:P 2 , withP 2 2 = 1 1, we have also a Z 2 -symmetry acting only in the bosonic Hilbert space. The invariance under P 2 is reflected in the presence of two inequivalent representations of su(1, 1) (see below), whereas within each of these representations the group Z 2 ≃ Z 4 /Z 2 corresponds to the parity operator known from the linear QRM [9] , leading via the established reasoning [10] to the G-function of the tpQRM.
On the basis of σ z , the tpRSM Hamiltonian can be written in the following matrix form
We begin by performing the following Bogoliubov transformation on the bosonic degree of
With
and β = 1 − 4γ 2 . Note here that γ is not g, and will be determined later.
The upper and lower diagonal matrix elements of the Hamiltonian becomes
The off-diagonal matrix elements are
we have
The quadratic Casimir operator C 2 of the algebra is given by
The unitary oscillator representation 4 of su(1, 1) in the Hilbert space H generated by b † on the state |0 b annihilated by b, decays into two infinite-dimensional irreducible representations, characterized by their lowest weight q: K 0 |q, 0 = q|q, 0 b . For the even subspace 4 ). The Bargmann index q allows us to deal with both cases simultaneously. A basis of H q is given by the normalized states
, n = 0, 1, 2, ...∞.
The operators satisfy
Note that the vacuum with respect to the original boson operators a, a † , |0 a , with the property a|0 a = 0, may be expressed in terms of 1 4 , n b as
is left invariant by the Bogoliubov transformation (3). We can write therefore |0 a = | 1 4 , 0 a . The condition a |0 a = 0, leads to
The lowest lying state (with respect to the a-operators) in H3 4 reads then
In summary,
In terms of the K 0 , K ± , the diagonal elements in the Hamiltonian read
An eigenfunction |ψ, E of H with eigenvalue E may be expanded in terms of the boperators as
where e odinger equation is given
for upper level, and
for the lower level, where the operator properties (6) have been used. Projecting both sides of the Schrödinger equation onto b q, n| , we have
If multiplying Eq. (14) by γ+g β and Eq. (15) by U γ β , we have
Summation of the above two equation gives
If set
we can remove Λ n , and obtain a linear relation between the coefficients e (q)
where
In either Eq. (14) or Eq. (15), we replace e n through the relation (20) , and can arrive at a three-term recurrence relation for f
All coefficients f −1 = 0. Because H is invariant with respect to the action ofP 1 in each space H q ⊗ C 2 , we can project the wavefunction |ψ, E onto | ↑ |q, 0 a and | ↓ |q, 0 a , respectively, where Π = ±1, corresponding to positive(negative) parity. We see that each eigenstate can be labeled by three quantum numbers, the index n = 0, 1, 2, . . . Finally, let us discuss the validity of the tpRSM G-function. Note that the maximum value of γ is 1/2, because β = 1 − 4γ 2 . According to Eq. (19) , the maximum coupling strength is
below which all states are normalizable.
III. POLE STRUCTURE AND LEVEL CROSSING
Note that the exact solutions in the QRM and related models can be obtained in different ways, even superficially in the analytical way. To the best of our knowledge, only the socalled G-function technique can give the well defined pole structure, which can be used to analyze the distribution of the levels qualitatively, level crossings, and some subtle issues that numerical approaches can hardly work. The G-function derived above indeed has the pole structure. From Fig. 1 , one can easily see that the G-curves diverges at some energy E, which is the typical characteristics of pole structures. Below, we will give their positions in a closed-form.
In Eq. (22), if c 
For the n = 0 pole, we need inspect f 
So Eqs. (28) and (29) compose the whole poles in the G-function of the tpRSM.
First-order quantum phase transitions: When both numerator and denominator of Ω (q) 0 vanish, we have
Inserting to Eq. (29) gives the energy without specified parity
which is independent of q. The first energy levels for both parities thus intersect at β c .
These are the doubly degenerate states, corresponding to the Juddian solution [57] . The level cross of the ground-state and the first excited state just demonstrates a first-order quantum phase transitions (QPT).
Note that 1 > β > 0, so the condition for the occurrence of the first-order QPT is
For q = 1/4, we have U > ∆, while for q = 3/4, the condition is We write coupling strength at the crossing point explicitly for convenience
We plot the spectra for three typical values of U = −0.3, 0.2, 0.9, for q = 1 4 in the upper panel and U = −0.8, −0.3, 0.75, for q = 3 4 in the lower panel of Fig. 2 . ∆ = 0.5 for all cases. We can see that the lowest two levels cross at g c exactly following the criterion found above. E. g. the predicted g c = 0.195 for ∆ = 0.5, U = 0.9, q = 1/4 is exactly shown in the upper right panel, and works for all other level crossing of the first two levels.
Juddian solutions for doubly degenerate states: As usual, both c Actually, for any n, if both denominator and numerator of Ω 
it includes the first crossing point for n = 0 discussed above. Obviously, these Juddian solutions exist only for ∆ U < 1
All the energies at these crossing points are the same
Similar to the one-photon RSM model [25] , the lowest crossing energy is also independent of coupling and Bargamann index q. Surprisingly, it is even the same as that in the one-photon RSM, indicating independence of the detail in atom-cavity coupling! By Eq. (33) we get maximum number n max of the crossing points below g at energy
where the bracket [...] denotes the Gaussian step function. Note that at least one crossing point for n = 0. So, there are n max +1 level crossings at the same energy − ∆ 2U in the coupling interval [0, g]. Note that those levels pass through n max + 1 crossing points will lie below E cross n = − ∆ 2U at g. Then for given g, we find at least 2 (n max + 1) states below − ∆ 2U . If g → g m , n max → ∞. We find that both the lowest two levels are higher than the zeroth pole line in the upper right panel of Fig. 2 . For more detail, we plot G-functions around g c in Fig. 3 . For g < g c , the first two zeros locate at the two sides of the zeroth pole line shown in the left G-curve.
Just after g c , as indicated in the middle G-curve, these two zeros again go to the two sides of the zeroth pole line in a reversal way. If g increases further, as exhibited in the left G-curve, both the first two zeros locate above the zeroth pole. This is to say the level with the negative parity must cross the zeroth pole line alone after g c . This crossing point in the energy spectra is actually the second type exceptional solution, which can be located in the similar way as in the one-photon RSM model [25] .
IV. SPECTRA COLLAPSE
For finite Stark coupling, i.e. U = 0, when g → g m , for both q = 1/4 and q = 3/4, all the n > 0 poles in Eq. (28) are the same
which is the collapse energy, because all zeros above the first pole will be squeezed with the poles and finally become the same due to the same poles. The zeroth pole described by Eq.
(29) becomes
Obviously, if U = 0, all poles in both Eqs. (35) and (36) tend to −1/2, as g → 1/2, which is well-known result in the tpQRM. Usually the n = 0 pole is less than n > 0 ones.
But comparing these two energy limits at g m , one can find that E 0 is even larger than E c when 0 < U < ∆. Now we can discuss the spectra collapse in the U = 0 case. In the limit of g → g m , as long as one energy level lies below the n = 1 pole, it can separate from the collapse energy E c . Except for 0 < U < ∆, the zeroth pole is separated from all other the n > 0 poles from below, in sharp contrast to the tpQRM where all poles are the same in the limit g → 1/2.
In tpQRM, as long as the zeros are located above the first pole, these zeros must collapse to −1/2. But in the present case, because the first pole, actually the n = 0 pole, is separated from all other poles, if the zeros lies between the first and the second poles, they do not have to collapse! When 0 < U < ∆, the collapse issue is more interesting and challenging, because when g → g m , E 0 can move above the collapse energy E c . If there are some energy levels lies between E c and E 0 , even above E 0 , these levels should not collapse! But we cannot perform the real calculation of G-function at g m , so we do not know whether the energy of the high excited states would stop at the collapse energy E c . But in principle, the high energy levels cannot be excluded above E c , because the pole E 0 is larger than E c , leaving the room for the energy levels to stay, unlike the tpQRM where no special pole can be above E c . Since the analytical solution in the limit of g → g m is lacking at the moment, whether there are some levels escaped from the collapse (E c ) from above remains a open question. By the way, it is generally accepted the energy can separated from the collapse from below in the tpQRM.
V. CONCLUSION
In this work, we have derived the G-function for the tpRSM in a compact way by using the Bogolibov operators approach. Zeros of the G-function determine the regular spectrum.
The first-order QPT is detected analytically by the pole structure of G-functions. The critical coupling strength of the phase transitions is obtained analytically. The occurrence of the first-order QPT is originated from the Stark coupling, because the tpQRM does not experience the first-order QPT. Very interestingly, the lowest lever crossing energy for U > ∆ is even exactly the same as that in the one-photon RSM, independent of the detailed coupling between the atom and cavity.
The energy spectral collapse have been discussed. More energy could escape from the collapse because the first pole is separated from all other poles, compared to the tpQRM. The collapse characteristics is also different from the one-photon RSM where all levels collapse without exceptions, but resemble the tpQRM. The infinite discrete upper spectra are absent in the tpRSM because the terminated coupling vanishes in the limit of U → ±1, different from the one-photon RSM. The unsolved problem is whether the high energy levels can run away from the collapse energy from above when g = g m , because the zeroth pole could be larger than the collapse energy.
